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Abstract
Denote by P(v, k, 1) a Pk-design of order v and block size k (every path has k vertices and k − 1 edges). A P(v, k, 1) having
the property that every vertex meets the same number of paths [P. Hell, A. Rosa, Graph decompositions, handcuffed prisoners, and
balanced P -designs, Discrete Math. 2 (1972) 229–252] is called balanced. Denote by H(v, k, 1) a balanced P(v, k, 1).
Let V ⊂ W , |V | = v <n= |W |. We say that a P(v, k, 1) (V ,P) is embedded into a P(n, k + 1, 1) (W,C) if there is an injective
mapping f : P→ C such that B is a subgraph of f (B) for every B ∈ P.
In this paper we give the necessary and sufﬁcient conditions for embedding balanced P3-designs into (balanced) P4-designs.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Let G be a subgraph of Kn, the complete undirected graph on n vertices. A G-design of Kn is a pair (W,C), where
W is the vertex set of Kn and C is an edge-disjoint decomposition of Kn into copies of the graph G. Usually we say
that C is a block of the G-design if C ∈ C, and C is called the block set.
Let Pk = (a1, a2, . . . , ak) be the simple path with k − 1 edges and k vertices, i.e. Pk is the graph having vertices
{a1, a2, . . . , ak} and edges {a1, a2}, {a2, a3}, . . . , {ak−1, ak}. Denote by P(v, k, 1) a Pk-design of order v and block
size k. Tarsi [9] proved that the necessary conditions for the existence of a P(v, k, 1), vk (if v > 1) and v(v − 1) ≡
0 (mod 2(k − 1)), are also sufﬁcient.
A balanced path design of order v and block size k H(v, k, 1) [4], is a Pk-design of Kv (V,P) having the property
that each vertex of V belongs to the same number of blocks of P.
Hung and Mendelsohn [5] proved that a balanced path design H(v, 2h + 1, 1) (h1) exists if and only
if v ≡ 1 (mod 4h), and a balanced path design H(v, 2h, 1) (h2) exists if and only if v ≡ 1 (mod 2h − 1).
LetG1 be a subgraph ofG2, and let V ⊆ W .We say that aG1-design (V ,P) of order v is embedded into aG2-design
(W,C) of order n if there is an injective function f : P→ C such that B is a subgraph of f (B) for every B ∈ P.
The mapping f is called the embedding of (V ,P) into (W,C).
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Example 1.1. LetV ={0, 1, 2, 3, 4},W=V ∪{a0, a1, a2, a3, a4},P={(0, 1, 4), (1, 2, 0), (2, 3, 1), (3, 4, 2), (4, 0, 3)}
andC={(a0, 0, 1, 4), (a3, 1, 2, 0), (a1, 2, 3, 1), (a4, 3, 4, 2), (a2, 4, 0, 3), (a0, a1, a4, 0), (a1, a2, a0, 2), (a2, a3, a1, 1),
(a3, a4, a2, 1), (a4, a0, a3, 0), (a1, 0, a2, 3), (a4, 1, a0, 4), (a2, 2, a3, 3), (a0, 3, a1, 4), (a3, 4, a4, 2)}.
It is easy to see that (W,C) is an H(10, 4, 1) which embeds the H(5, 3, 1) (V ,P).
If G1 =Kv and G2 =Kv+1 then an example is the embedding of any afﬁne space of order v into a projective space
of order v. Related to this example is the embedding for resolvable balanced incomplete block designs and GDDs into
BIBDs and PBDs. If G1 = G2 then we obtain the usual embedding deﬁnition for G-designs.
Let G1 be a subgraph of G2. The following spectrum problems arise:
(I) For each admissible v, determine the setS1(v) of all the integers n such that there exists some G1-design of order
v embedded into a G2-design of order n.
(II) For each admissible v, determine the setS2(v) of all the integers n such that every G1-design of order v can be
embedded into a G2-design of order n.
It isS2(v) ⊆S1(v). Problem (II), for G1 = G2 = K3, has been solved by Doyen and Wilson [3].
Recently, problem (I) has been solved for the following graph designs:
• G2 = C4 (the cycle of length 4) and the G1-design is either an H(v, s, 1) or a P(v, s, 1), s = 2, 3 [6,7];
• G2 = D (D is the graph having vertices {a0, a1, a2, a3} and edges {a0, a1}, {a0, a2}, {a1, a2}, {a0, a3}) and the
G1-design is either an H(v, s, 1) or a P(v, s, 1), s = 2, 3 [2,8].
In this paper we completely solve both problems (I) and (II) in the case where the G1-design is an H(v, 3, 1) and
the G2-design is either an H(n, 4, 1) or a P(n, 4, 1).
Refer to [1] for results and deﬁnitions omitted in the present paper.
2. Embedding H(v, 3, 1) into H(n, 4, 1)
Let v ≡ 1 (mod 4). Denote bySH1(v) the set of all the integers n ≡ 1 (mod 3) such that there exists some balanced
path design H(v, 3, 1) embedded into a balanced path design H(n, 4, 1). Denote bySH2(v) the set of all the integers
n ≡ 1 (mod 3) such that every balanced path designH(v, 3, 1) can be embedded into a balanced path designH(n, 4, 1).
In this section we completely determine both the setsSH1(v) andSH2(v).
Theorem 2.1. For every v ≡ 1 (mod 4), v5,SH2(v) ⊆SH1(v) ⊆ {n|n(3v + 5)/2, n ≡ 1 (mod 3)}.
Proof. Let (V ,P) be an H(v, 3, 1), v ≡ 1 (mod 4) v5, embedded into an H(n, 4, 1) (W,C), n ≡ 1 (mod 3) n> v.
Let f : P → C be the embedding. For each p ∈ P the path f (p) ∈ C meets exactly one vertex x ∈ W\V , and x is
an endpoint of f (p). Since every vertex of W is an endpoint of exactly (n − 1)/3 path of C, it follows that
v(v − 1)
4
 (n − 1)(n − v)
3
. (1)
The proof follows from (1) and the inequalities 2v − 2<√4v2 − 5v + 1< 2v − 1. 
Lemma 2.2. Let v ≡ 1 (mod 4), v5. Then every H(v, 3, 1) can be embedded into an H((3v + 5)/2, 4, 1).
Proof. Let (V ,P) be an H(v, 3, 1). Put v = 1 + 4k, k1, V = Z1+4k and W = V ∪ {a0, a1, . . . , a2k+2}. In order
to embed (V ,P) into an H(6k + 4, 4, 1) (W,C), we construct a 2k + 3 by 4k + 1 array M whose cells either are
empty or contain an element of {0, 1, . . . , k + 1}. Let  ∈ {0, 1, . . . , k + 1} and i ∈ Z2k+3. Since (k + 2, 2k + 3)= 1,
then there is exactly one j ∈ Z2k+3 such that (k + 2)j +  = i. Put M(i, j) = . Moreover for k2, i ∈ Z2k+3 and
j ∈ {0, 1, . . . , 2k − 3} put M(i, j + 2k + 3)=M(i, j). It is easy to see that each  ∈ {0, 1, . . . , k + 1} appears exactly
once in every column and (for k2) either once or twice in every row. More precisely if  appears in the cell (i, j)
with 2k− 2j2k+ 2 then row i contains exactly one entry equal to , otherwise row i has two distinct entries equal
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to . The nonempty cells of the subarray M(i, j), i = 0, 1, . . . , 2k + 2 andj = 2k − 2, 2k − 1, . . . , 2k + 2, contain the
following entries:
• i + 1 and i + 2 for k2 and i = 0, 1, . . . , k − 2;
• i + 1, i + 2 and i + 3 (mod k + 2) for k1 and i = k − 1, k, . . . , 2k + 2.
It follows that the number of empty cells in row i of M is
• 2k − 1 for k2 and i = 0, 1, . . . , k − 2;
• 2k for k1 and i = k − 1, k, . . . , 2k + 2.
Step 1: Let be the multigraph having vertices the elements of V and edges the pairs {x, y} for each path p ∈ P having
x and y as endpoints. It is easy to see that  is regular of degree 2k. Then  is eulerian. So it is possible to direct the
edges of  in such a way that the indegree and the outdegree of each vertex is k.
Direct the paths ofP in the following way. Let  be the bijective mapping fromP to E(). If (p)= {x, y} and the
edge {x, y} goes from x to y, then write the path p in such a way that x and y are in the ﬁrst and in the last position,
respectively. The result is that each element of V is in the ﬁrst (and also in the last) position of exactly k directed paths
of P.
Step 2: In this step we deﬁne a set C1 of 4-paths. Let (i, j) be a cell of M having entry , with  ∈ {0, 1, . . . , k − 1}.
Let (j, , ) ∈ P be a directed path having j in the ﬁrst position. Put in C1 the 4-path (ai, j, , ) and remove (j, , )
from P. Repeat this procedure using all the cells of M having entry  ∈ {0, 1, . . . , k − 1}.
Since each element of {0, 1, . . . , k−1} appears exactly once in every column ofM, then every block ofP is completed
to some 4-path.
For k = 1 and i ∈ {0, 1, 2, 3, 4}, there is exactly one block of C1 having ai in the ﬁrst position.
For k = 2, the number of blocks of C1 having ai in the ﬁrst position is
• 2 for i ∈ {2, 3, 6};
• 3 for i ∈ {0, 1, 4, 5}.
For k3, the number of blocks of C1 having ai in the ﬁrst position is
• 2k − 2 for i ∈ {0, 1, . . . , k − 3} ∪ {k, 2k − 1, 2k + 2};
• 2k − 1 for i ∈ {k − 2, k − 1, 2k, 2k + 1};
• 2k − 3 for i ∈ {k + 1, k + 2, . . . , 2k − 2}.
Step 3: Let (i1, j) and (i2, j) be the cells of M such that M(i1, j) = k and M(i2, j) = k + 1. Form the ordered triple
(ai1 , j, ai2). Say Q1 be the set of these ordered triples.
For k = 1, there is exactly one ordered triple of Q1 having ai , i ∈ {0, 1, 2, 3, 4}, in the ﬁrst position.
For k = 2, the number of ordered triples of Q1 having ai in the ﬁrst position is
• 1 for i ∈ {0, 1, 3, 4, 5};
• 2 for i ∈ {2, 6}.
For k3, the number of ordered triples of Q1 having ai in the ﬁrst position is
• 1 for i ∈ {k − 2, k − 1, 2k − 1, 2k, 2k + 1};
• 2 for i ∈ {0, 1, . . . , k − 3} ∪ {k, 2k + 2} ∪ {k + 1, k + 2, . . . , 2k − 2}.
Step 4: Let Q2 be the set of the ordered triples (the subscripts are (mod 2k + 3)) (a, a1+, a2k+2+) for = 0, 1, . . . ,
2k + 2, and, if k2, (ak+1+, a, ak+2+) for = 0, 1, . . . , k − 2.
The triples ofQ2 cover the differences (inZ2k+3) 1, 2 and, for k2, the difference k+1missing the edges {ak−1, a2k},
{ak, a2k+1}, {ak+1, a2k+2}, {a2k+1, ak−1}, {a2k+2, ak}. Let T be the set containing these edges and, if k3, the edges
covering the differences (in Z2k+3) 3, 4, . . . , k. Arbitrarily order each pair of T.
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The number of ordered triples of Q2 having ai in the ﬁrst position is
• 1 for k1 and i ∈ {0, 1, . . . , k} ∪ {2k, 2k + 1, 2k + 2};
• 2 for k2 and i ∈ {k + 1, k + 2, . . . , 2k − 1}.
Step 5: For each empty cell of M (i, j), proceed in the following order:
(1) If there is an ordered triple of Q1 ∪Q2 having ai in the third position, then attach j to ai in order to form a 4-path.
Say C2 and C3 be the path sets constructed by completing ordered triples of Q1 and Q2, respectively. For k = 1
the proof is completed.
(2) If there is not any free ordered triple of Q1 ∪ Q2 having ai in the third position, then take an ordered pair of T
having ai in the ﬁrst position and attach j to the vertex ai in order to form an ordered triple. Say Q3 be the set of
these ordered triples.
(3) If there is not any free ordered pair of T having ai in the ﬁrst position, then take an ordered triple of Q3 having ai
in the third position and attach j to ai . Note that this procedure gives either a 4-path or a 3-cycle. If we obtain a
path, then put it inC4. If the result is a 3-cycle (j, ai1 , ai2 , j), then proceed in the following way.At ﬁrst note that
C2 contains at least one block having ai2 in the internal position, say it (ai3 , j1, ai2 , j2). It is j 	= j1 	= j2 	= j .
Remove (ai3 , j1, ai2 , j2) from C2 and put in it the paths (j, ai1 , ai2 , j2) and (ai3 , j1, ai2 , j).
Let C= C1 ∪ C2 ∪ C3 ∪ C4. It is easy to verify that (W,C) is an H(6k + 4, 4, 1) which embeds (V ,P). 
Theorem 2.3. For each v ≡ 1 (mod 4), v5,SH1(v) =SH2(v) = {n|n(3v + 5)/2, n ≡ 1 (mod 3)}.
Proof. The proof follows from Theorem 2.1, Lemma 2.2 and from the (very easy) embedding n → n+ 3 for balanced
path designs of block size 4. 
3. Embedding H(v, 3, 1) into P(n, 4, 1)
Let v ≡ 1 (mod 4). Denote by SP1(v) the set of all the integers n ≡ 0 or 1 (mod 3) such that there exists some
balanced path design H(v, 3, 1) embedded into a path design P(n, 4, 1). Denote bySP2(v) the set of all the integers
n ≡ 0 or 1 (mod 3) such that every balanced path design H(v, 3, 1) can be embedded into a path design P(n, 4, 1). In
this section we completely determine both setsSP1(v) andSP2(v).
Theorem 3.1. For everyv ≡ 1 (mod 4),v5,v 	= 13,SP2(v) ⊆SP1(v) ⊆ {n|n(5v−1)/4, n ≡ 0 or 1 (mod 3)}.
MoreoverSP2(13) ⊆SP1(13) ⊆ {n|n18, n ≡ 0 or 1 (mod 3)}.
Proof. Let (V ,P) be an H(v, 3, 1), v ≡ 1 (mod 4) v5, embedded into an H(n, 4, 1) (W,C), n ≡ 0 or 1 (mod 3)
n> v. Let f : P → C be the embedding. For each p ∈ P, the path f (p) ∈ C meets exactly one vertex x of W\V ,
and x is an endpoint of f (p). Since every vertex of V is endpoint of exactly (v − 1)/2 paths of P we obtain that
nv + (v − 1)/4.
To complete the proof it is sufﬁcient to note that an H(13, 3, 1) cannot be embedded into any P(16, 4, 1). 
Lemma 3.2. Let v ≡ 1 (mod 12), v25. Then every H(v, 3, 1) can be embedded into a P((5v − 1)/4, 4, 1). Every
H(13, 3, 1) can be embedded into a P(19, 4, 1).
Proof. Put v = 1 + 12k, k2, V = Z1+12k and W = V ∪ {a0, a1, . . . , a3k−1}. Let (V ,P) be an H(v, 3, 1). We want
to embed (V ,P) into an H(15k + 1, 4, 1) (W,C).
Analogously to Step 1 of Lemma 2.2, it is possible to write the paths of P in such a way that each point of V
is in the ﬁrst (and also in the last) position of exactly 3k paths of P. For i = 0, 1, . . . , 3k − 1 and
j = 0, 1, . . . , 12k, append the edges {ai, j} to the paths of P having j in the ﬁrst position. Put these 4-paths in
C together with the paths of a P(3k, 4, 1) on point set {a0, a1, . . . , a3k−1}. Then (W,C) is the required
P(15k + 1, 4, 1).
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Suppose now k = 1. Let (V ,P) be an H(13, 3, 1) with V = Z13. Let W = V ∪ {a0, a1, a2} ∪ {∞0,∞1,∞2}. As
in Step 1 of Lemma 2.2, construct 4-paths on vertex set V ∪ {a0, a1, a2} which cover the edges of Kv ∪ KV,{a0,a1,a2}.
The remaining blocks of the H(19, 4, 1) which embeds (V ,P) are the following: (∞2, a0, a1,∞1), (∞2, a1, a2, a0),
(∞2, a2,∞0, a1), (∞2,∞0,∞1, a2), (12,∞2,∞1, a0), (a0,∞0, 12,∞1), and for i=0, 1, . . . , 5, (∞0, i,∞1, i+6),
(∞0, i + 6,∞2, i). 
Lemma 3.3. Let v ≡ 1 (mod 12), v13. Every H(v, 3, 1), v ≡ 1 (mod 12), v13, can be embedded into a P((5v +
7)/4, 4, 1).
Proof. Put v = 1 + 12k, k1, V = Z1+12k and W = V ∪ {a0, a1, . . . , a3k+1}. Let (V ,P) be an H(v, 3, 1). We want
to embed (V ,P) into an H(15k + 3, 4, 1) (W,C).
By the same technique used in Lemma 3.2, put in C the 4-paths that cover the paths of P and the edges of the
complete bipartite graph KV,{a0,a1,...,a3k−1}. Put also in C the paths of a P(3k + 1, 4, 1) on point set {a0, a1, . . . , a3k}.
To complete the proof we construct 4-paths that cover the edges of KV,{a3k,a3k+1} ∪ K{a3k+1},{a0,a1,...,a3k}. For i =
0, 1, . . . , 3k − 1 put in C the 4-paths (a3k, i, a3k+1, ai). Only the edges {a3k, 3k}, {3k, a3k+1} and {a3k+1, a3k} remain
to be covered by some block. Delete fromC (a, 3k, i, j) (for some  ∈ {0, 1, . . . , 3k−1} and i, j ∈ V ) and construct
(a, 3k, a3k+1, a3k) and (a3k, 3k, i, j). 
The proof of following lemma is similar to the proof of the ﬁrst part of Lemma 3.2.
Lemma 3.4. Let v ≡ 5 (mod 12), v5. Then every H(v, 3, 1) can be embedded into a P((5v − 1)/4, 4, 1).
Lemma 3.5. Let (V ,E) be a d-regular multigraph (without loops) having v2 vertices. Let d1. Then (V ,E)
contains a matching of cardinality tdv/(4d − 2).
Proof. Let V = {1, 2, . . . , v}. For x, y ∈ V , x 	= y, denote by (x)y the number of edges {x, y} ∈ E. Suppose M is a
maximum matching of V . Clearly t = |M|1. Let {2− 1, 2}, = 1, 2, . . . , t , be the edges of M. If either v − 2t = 0
or v − 2t = 1, then the proof follows by a direct veriﬁcation (note that if v − 2t = 1 then it is v3 and d2). Let
v−2t2 and let j ∈ {1, 2, . . . , v−2t}. Suppose {2t+j, x} ∈ E.As M is maximum, there is not a matching containing
the edges of M and {2t + j, x}. Then x ∈ {1, 2, . . . , 2t} and∑2tx=1 (2t + j)x = d. Counting the number of edges of E
meeting x, we obtain d1+ (v)x +
∑v−2t−1
=1 (2t +)x . Then d =
∑2t
x=1 (v)x
∑2t
x=1 [d − 1−
∑v−2t−1
=1 (2t +)x]=
2t (d − 1) −∑v−2t−1=1
∑2t
x=1 (2t + )x = 2t (d − 1) − (v − 2t − 1)d. The proof follows. 
Lemma 3.6. Let v ≡ 5 (mod 12), v5. Then every H(v, 3, 1) can be embedded into a P((5v + 3)/4, 4, 1).
Proof. Put v = 5 + 12k, k0, V = Z5+12k and W = V ∪ {∞, a0, a1, . . . , a3k}. Let (V ,P) be an H(v, 3, 1). Let
({a0, a1, . . . , a3k},C1) be a P(3k + 1, 4, 1).
Let C2 be the set of 4-paths given in the following Steps 1–5. It is easy to see that these paths cover the edges of
KV ∪ KV,{∞,a0,a1,...,a3k}.
Step 1: Using the same procedure given in Step 1 of Lemma 2.2, write each path ofP in such a way that each point of
V is in the ﬁrst (and also in the last) position of exactly 3k+1 paths ofP. Denote by  the (6k+2)-regular multigraph
having vertices the elements of V and edges the pairs {x, y} for each path p ∈ P having x and y as endpoints. By
Lemma 3.5,  contains a matching M having t > 2k + 1 edges. For = 0, 1, . . . , 2k, let {2, 2+ 1} ∈ M . Then there
is at least one path p ∈ P having 2 and 2+ 1 as endpoints. Suppose p = (2, x, 2+ 1). For each = 0, 1, . . . , 2k,
construct the 4-path (2, x, 2+ 1,∞).
Step 2: Let  ∈ {0, 1, . . . , 2k}. There are exactly 3k paths of P having 2 in the ﬁrst position that are differ-
ent from (2, x, 2 + 1) (considered in the above Step 1). Using the edges {ai, 2}, i = 1, 2, . . . , 3k, construct
3k 4-paths.
There are exactly 3k + 1 paths of P having 2 + 1 in the ﬁrst position. Using the edges {ai, 2}, i = 0, 1, . . . , 3k,
construct 3k + 1 4-paths.
Step 3: Construct the following 4-paths: (a0, 2,∞, 7k+3+), =0, 1, . . . , 2k, and (9k+4+,∞, a, 4k+2+),
= 0, 1, . . . , 3k.
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Step 4: Let  ∈ {0, 1, . . . , 3k}. There are exactly 3k + 1 paths ofP having 4k + 2 +  in the ﬁrst position. Take one
of them and append to it the edge {∞, 4k + 2 + }. Append to the remaining 3-paths the edges {ai, 4k + 2 + } for
i = 0, 1, . . . , 3k with i 	= .
Step 5: For = 0, 1, . . . , 5k+ 1 and for i = 0, 1, . . . , 3k append the edge {ai, 7k+ 3+} to those paths ofP having
7k + 3 +  in the ﬁrst position.
It is easy to see that (W,C1 ∪ C2) is a P(15k + 6, 4, 1) which embeds (V ,P). 
Lemma 3.7. Let v ≡ 9 (mod 12), v9. Then every H(v, 3, 1) can be embedded into a P((5v + 3)/4, 4, 1).
Proof. Put v = 9 + 12k, k0, V = Z9+12k and W = V ∪ {a0, a1, . . . , a3k+2}. Let (V ,P) be an H(v, 3, 1).
By the same technique used in Lemma 3.2, construct the set C1 of 4-paths that cover the paths of P and the edges
of the complete bipartite graph KV,{a1,a2,...,a3k+2}.
Let (a1, x1, x0, x2) ∈ C1. It is possible to suppose that x1 = 12k + 6 and x2 = 12k + 7.
Put inC2 the following 4-paths: (i, a0, ai+1, 3k+i+2), for i=0, 1, . . . , 3k+1, and (6k+i+4, a1, ai+2, 9k+i+5),
for i = 0, 1, . . . , 3k. Note that all the edges {ai, t}, with i 	= 0 and t ∈ {0, 1, . . . , 12k + 5}, appearing in these
blocks are covered by paths in C1. Then we use the following strategy: Let {ai, t} be a such repeated edge and
suppose that it is covered by the block (ai, t, y1, y2) ∈ C1. Replace this block with (a0, t, y1, y2). At last replace
(a1, 12k + 6, x0, 12k + 7) ∈ C1 with (12k + 8, a0, 12k + 6, a1) and (12k + 6, x0, 12k + 7, a0).
It is easy to see that the paths in C1 ∪ C2 cover the edges of KW\K{a2,a3,...,a3k+2}.
Let ({a2, a3, . . . , a3k+2},C3) be aP(3k+1, 4, 1). It is easy to see that (V ,P) is embedded into theP(15k+12, 4, 1)
(W,C1 ∪ C2 ∪ C3). 
Lemma 3.8. Let v ≡ 9 (mod 12), v9. Then every H(v, 3, 1) can be embedded into a P((5v + 7)/4, 4, 1).
Proof. Put v = 9 + 12k, k0, V = Z9+12k and W = V ∪ {a0, a1, . . . , a3k+3}. Let (V ,P) be an H(v, 3, 1). By the
same technique used in Lemma 3.2, construct the set C1 of 4-paths that cover the paths of P and the edges of the
complete bipartite graph KV,{a0,a1,...,a3k+1}. For i = 0, 1, . . . , 4k + 2, put in C2 the 4-paths (3i, a3k+2, 3i + 1, a3k+3),
(3i, a3k+3, 3i + 2, a3k+2).
Let ({a0, a1, . . . , a3k+3},C3) be aP(3k+4, 4, 1). It is easy to see that (V ,P) is embedded into theP(15k+13, 4, 1)
(W,C1 ∪ C2 ∪ C3). 
Theorem 3.9. For eachv ≡ 1 (mod 4),v5,v 	= 13, it isSP1(v)=SP2(v)={n|n(5v−1)/4, n ≡ 0 or 1 (mod 3)}.
Moreover it isSP1(13) =SP2(13) = {n|n18, n ≡ 0 or 1 (mod 3)}.
Proof. The proof follows from Theorem 3.1, Lemmas 3.2, 3.3, 3.4, 3.6, 3.7, 3.8 and from the (very easy) embedding
n → n + 3 for path designs of block size 4. 
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